Luéng va Ludng cuc dai — Thuit toan danh diu Ford-Fulkerson
Bién soan: Bui Thé Tam, 2018
1. Phat biéu bai toan
Cho db thi c6 huéng G = (V, E).

V ={X1,X2X3,...,Xn}, qj — kha ning théng qua cta cung (i, j), s — diém phat, t — diém thu

Hinh 1
Tap {zi} goila 1 ludng trén cac cung (xi, xj) néu thdéa man:

v néu x;=s
(1) Z Zij — Z Zgi = —v néu x; =1
x;ET(x;) xR € 1(x;) 0 x;lacac dinh khac
(2) 0 < Zjj < qij, V(Xi, X]) ev

Bai toan: tim ludng co gia tri v 16n nhét (v goi 1a gid tri cua ludng).

Ludng cyc dai 1a mot trong nhing bai toan tdi uu trén do thi tim dwoc nhiing tmg dung rat rong rai
trong ca thuc t€ cling nhu trong ly thuyet to hgp. Thuat todn giai bai toan dugc hai nha toan hoc My
Lester Randolph Ford va Delbert Ray Fulkerson dé xuat trong tai li¢u:

L.R. Ford, Jr. and D.R. Fulkerson (1956). Maximal Flow through a Network. Canadian Journal of
Mathematics, 8, 399-404. Link bai: http://dx.doi.org/10.4153/CJM-1956-045-5

2. Co s6' 1y thuyét ciia thuit toan

Pinh nghia 1. Lat cit (X, Y), trong d6 X < V,Y = V\X 1a tap hop tat ca cac cung (x;, x;j) ma hodc
la x; € X,x; €Y, hoaclax; €Y,x; € X. Lat cat (X, Y) goi la tich diém phat s va diém thu tnéu s €
X, tey.

Pinh nghia 2. Kha ning thong qua cia lat cat (X,Y) 1a s6 C(x,y) = X(i.j) qij trong do tong lay theo
cac cung dinh hudng tir x; € X t6i x; € Y. Chua y, néi chung C(X,Y) khac voi C(Y,X). Lat cét voi kha
ning thong qua nho nhat goi 1a 1at cat hep nhat.

Ta c6 nhan xét: gia tri v ciia ludng 16n nhat trong mang khong vuot qua kha ning thong qua cia
moi 1at cit (X, Y) tach s va t. Tir 6 suy ra gié tri ciia ludng 16n nhat khong vuot qua kha ning thong qua
ctia lat cat hep nhat. Dinh 1y sau khang dinh gia tri ctia ludng 16n nhét dung bang kha ning thong qua cia
lat cat hep nhat.

Pinh ly. Gia tri ciia ludng 16n nhét tir diém phat s t6i diém thu t bang kha nang thong qua cia lat cit
hep nhat tach s va t.

Chimg minh. Pinh Iy s& dugc chimg minh bang cach xay dung duoc mot ludng 16n nhit va lat cit
hep nhit.

Déu tién ta xuét phat tir | ludng z;; > 0 véi moi i, j thoa man céc rang budc (1)-(2) (c6 thé lay z;; =
0 v6i moi i, j). Néu gia tri ciia luong nay bang kha nang théng qua ciia 1 14t cat nao do thi ludng co gia tri
16n nhét, dinh Iy dugc chimg minh. Néu khong ta co thé ting ludng theo quy tic dudi day cho dén khi nao
gié tri ciia ludng bang kha ning thong qua cia 1 lat cét nao do.



Gia sir da 6 ludng {Zl- j}. Ta xdy dung tap X theo quy tic sau:
l.seX
2. Néuxl- € XVé.Zij < ql] thi Xj € X.

3.Néux; EXvaz; >0 thixj€X.

Zij < qij xj € X

XEEX

XJEX

Hinh 2

Quy tic 2 va 3 dugc ap dung lién tuc cho dén khi khong ap dung duoc nira thi ta duoc tap X. Ky
hi€u Y = V\ X, c6 2 kha nang xay ra:

Truwong hop 1: t € Y. Khi d6 v6i moi cung (xl-,xj),xi EX,x; €Y déu co z;; = q;j (theo quy tac

2) va voi moi cung (xj, xi), X, €EX,x; €Y déu co zj; = 0 (theo quy tic 3). Do do6
Z Zij = z ql] va z Zji =0
xiEX,XjEY xiEX,XjEY xieX,ijY

Vay gia tri clia ludng {z;j} bang kha nang thong qua cua lat cat C(X,Y), do d6 ludng

{z;} 1a ludng c6 gia tri 16n nhat.
. Truwomg hop 2: t € X. Tu cach xac dinh X suy ra ton tai 1 duong di tir s t6i t (goi 1a duong di ting
ludng) chang han
(3) Sy ey Xjy Xjg1y eoes b

ma d6i véi mdi cung (x;, x;41) ta c6 hodc Zii+1 < (i i+1 (khi d6 cung nay goi la cung thudn), hodc la
Zi+1,; > 0 (khi do6 cung nay goi la cung nguoc).

Ziitv1 < Qii+1

/\/\\//\\/tex
SEX Zi}l,l>0

& = min{qij — z;;: theo moi cung thuan (xi,xj)}

Hinh 3

Ky hiéu

&, = min{zy;: theo moi cung nguwoc (xy, x;)}
e = min{eq, &}
Bay gio ta diéu chinh ludng theo dudng di (3) dé duoc ludng méi {Z; j}:
z';j = z;j + € v6i (x;, x;) 1a cung thuan cua (3)
z';; = z;; — € voi (x5, x;) 1a cung ngugce cua (3)
z';j = z;; véi moi (x;, x;) khong thude (3)
Ludng méi {Z; j} van thoa man (1)-(2) nhung gia tri ctia ludng tang 1én 1 lwong bang & so véi ludng
cll {Zi j}. Ta lap lai qué trinh vira mé ta ddi v6i ludng méi {Zi j}.
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Gia su q;; nguyén va ta xuét phat tir ludng z; ; = 0 v6imoi i, j thi sau mdi 1an diéu chinh ludng,
ludng méi tang gia tri it nhat 1a 1 don vi. Vi vy sau 1 s lan diéu chinh ludng ta phai gdp Trudng hop 1
(tirc 1a xay dung duoc ludong 16n nhat va 14t cat hep nhat). Pinh 1y dugc chimg minh.

Tir dinh Iy suy ra ludng {Zi j} 1a 16n nhat khi va chi khi khong con duong di ting ludng.
3. Thuat toan danh diu Ford — Fulkerson

Thuét toan bt dau tir 1 luéng chép nhan duoc nao do (co thé z;; = 0 v6imoi 1, j) va cac dinh déu
chura ¢6 nhan. Mdi dinh ciia mang s& & 1 trong 3 trang thai: dinh chua cé nhan, c6 nhan nhung chua xét,
c6 nhan va da xét. Nhan cua 1 dinh x; gom c6 2 phan va thudc 1 trong 2 dang sau:

- Dang 1: (+x;, 0 (x;)), c6 nghia 1a c6 thé ting ludng theo cung (x;, x;) v6i luong 16n nhét 1a o (x;).
- Dang 2: (—x;,0(x;)), c6 nghia la c6 thé giam ludng theo cung (x;, x;) v6i luong 16n nhat 1a o (x;).
Thuét toan gom c6 6 bude:

Budc 1. Danh du dinh s bai nhan (+s, +00), dinh s 1 6 nhan va chua xét, cac dinh khac déu chua
c6 nhan.

Budic 2. Chon 1 dinh ¢6 nhan nhung chua xét, ching han dinh x; véi nhin 13 (+x, o (x;)). Dbi véi
dinh x; nay ta xét 2 tap hop:

Kt(x) = {xj: x; € I'(x;),z;j < qij, % chwa c6 nhén}
K= (x;) = {xj:xj € I '(xy),zj; > 0,x; chea c6 nhan}
Véi mbi x; € K*(x;) ta s& gan cho n6 nhan (+x;, a(xj)), trong do
a(xj) = min{o(x;), qij — Zij}.
Véimoi x; € K~ (x;) ta s€ gan cho n6 nhan (—x;, a(xj)), trong d6

a(xj) = min{a(xi), Zji}.

x; € I'(x;) chwa c6nhin
(+x;,0(x;))

o(x;) = min{o(x,), q;j — z;;}

Zij < qij
c6 nhan
chura xét

N . :
(£, 0(x;)) xj € I"(x;) chwa cé nhan

(—x;, O’(Xj ))

J(xj) = min{cr(x[-), zﬂ-}

i >0

Hinh 4
Bay gio dinh x; la co6 nhan va da xét, con cac dinh x; € K*(x;) va x; € K~ (x;) 1a da ¢6 nhan nhung
chua duogc xét.

Budre 3. Lip lai Budc 2 cho dén khi nao xay ra 1 trong 2 trudng hop:
- Pinh t duoc danh diu, chuyén sang Budc 4.

- bBinh t khong c6 nhén va khong thé danh dau tiép tuc dugc nita. Khi d6 ludng dang xét 1a ludng ’
cuc dai: Neéu ky hiéu Xp 1a tap cac dinh c6 nhan, Yo la tdp cac dinh khong c6 nhan thi (Xo, Yo) s€ 1a 1at cat
hep nhat. Thuat toan dung.

Buéc 4. Datx =t.
Budére 5. Tién hanh ting ludng:

- Néu dinh x ¢6 nhén 1a (+u, o(x)) thi ting ludng theo cung (u, x) tir z(u, x) 1én z(w, x) + o (t).
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- Néu dinh x ¢6 nhén 1a (—u, (x)) thi giam lugng van chuyén trén cung (x, u) tir z(x, u) xubéng con
z(x,u) — o(t).

Budc 6. Néu u = s thi x6a tat ca cac nhin va quay lai Budc 1 véi ludng da duge diéu chinh & Budce
5. N€uu # s thi didt x = u va quay lai Budc 5.



